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Let G be a group, X be a discrete G-space, X∗ be the remainder of the Stone–Cˇech
compactiﬁcation of X . The corona Xˇ of X is a factor-space of X∗ by the smallest by
inclusion, closed in X∗ × X∗ equivalence on X∗ containing the orbit equivalence ∼
(p ∼ q ⇔ ∃g ∈ G: q = gp). For a countable group G and a countable G-space X we prove
that the corona of X contains a weak P -point and a P -point provided that there exists
a P -point in ω∗. Then we transfer this statement to the Higson coronas of a proper metric
spaces of bounded geometry.
© 2011 Elsevier B.V. All rights reserved.
Let G be a group and let X be a G-space with the action G × X → X , (g, x) → gx. All G-spaces under consideration are
supposed to be transitive and discrete. By the universal property of the Stone–Cˇech compactiﬁcation βX of X , the action of
G on X extends to the continuous action of G on βX . We take the points of βX to be the ultraﬁlters on X identifying X
with the principal ultraﬁlters, and denote by X∗ the set βX \ X of all free ultraﬁlters on X . Since X∗ is G-invariant, it also
has a natural structure of G-space.
We denote by E the orbit equivalence on X∗ deﬁned by
(x, y) ∈ E ⇔ Gx = Gy,
and, following [7], consider the smallest by inclusion, closed in X∗ × X∗ equivalence Eˇ on X∗ such that E ⊆ Eˇ . The factor-
space Xˇ = X∗/Eˇ is called a corona of X .
For every p ∈ X∗ , we denote by pˇ the class of Eˇ-equivalence containing p, and say that two ultraﬁlters p,q ∈ X∗ are
corona equivalent if pˇ = qˇ. To detect whether two ultraﬁlters p,q ∈ G∗ are corona equivalent, we use G-slowly oscillating
functions on X .
A function h : X → [0,1] is called G-slowly oscillating if, for any g ∈ G and ε > 0, there exists a ﬁnite subset K of X such
that
∣∣h(gx) − h(x)∣∣< ε
for every x ∈ X \ K .
By [6, Proposition 1], the ultraﬁlters p,q ∈ X∗ are corona equivalent if and only if hβ(p) = hβ(q) for every G-slowly
oscillating function h on X , where hβ is the extension of h to βX .
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588 I.V. Protasov / Topology and its Applications 159 (2012) 587–592Given a subset A of X and a ﬁlter ϕ on X , we put
A = {p ∈ X∗: A ∈ p}, ϕ =
⋂
{A: A ∈ ϕ},
and note that, for every non-empty closed subset Y of X∗ , there exists a ﬁlter ϕ on X such that Y = ϕ .
For p ∈ X∗ , we denote by ψp ﬁlter on X such that ψp = pˇ.
Now we suppose that G and X are countable and ﬁx some numerations G = {gi: i ∈ ω}, X = {xi: i ∈ ω}. For A ⊆ X and
f :ω → ω, we put
ΨA, f =
⋃
i∈ω
gi
(
A \ {x0, . . . , x f (i)}
)
.
Lemma 1. Let G be a countable group, X be a countable G-space, p ∈ X∗ , Y = {pn: n ∈ ω} be a subset of X∗ . Then the following
statements hold:
(i) a family {ΨP , f : P ∈ p, f :ω → ω} forms a base for ψp ;
(ii) a family {ΨˇP , f : P ∈ p, f :ω → ω} forms a base of neighbourhoods of pˇ in Xˇ , where ΨˇP , f = {qˇ: q ∈ G∗, ΨP , f ∈ q};
(iii) if p ∈ clX∗Y then⋃n∈ω ΨPn, fn ∈ ψp for any families {Pn ∈ pn: n ∈ ω}, { fn: n ∈ ω}.
Proof. (i) We take an arbitrary q /∈ pˇ. By [6, Proposition 1], there exists a G-slowly oscillating function h : X → [0,1] such
that hβ(p) = 0, hβ(q) = 1. We choose P ∈ p and Q ∈ q such that h(x) < 14 for every x ∈ P , and h(x) > 34 for every x ∈ Q .
Since h is G-slowly oscillating, for every i ∈ ω, there exists f (i) ∈ ω such that
∣∣h(gix) − h(x)
∣∣< 1
4
for each x ∈ X \ {x0, . . . , x f (i)}. Then gi(P \ {x0, . . . , x f (i)}) ∩ Q = ∅ so ΨP , f ∩ Q = ∅ and q /∈ ΨP , f .
On the other hand, assume that ΨP , f /∈ q for some P ∈ p, f :ω → ω and q ∈ pˇ. Applying Theorem 2.1 from [5], we
get a G-slowly oscillating function h : X → [0,1] such that hβ(p) = 0, hβ(q) = 1. By [6, Proposition 1], q /∈ pˇ and we get
a contradiction.
(ii) follows from (i).
(iii) Increasing the values of fn , n ∈ ω, we may suppose that
fn(0) = · · · = fn(n).
We put P =⋃n∈ω(Pn \ {x0, . . . , x fn(0)}) and note that P ∈ p. Then we deﬁne a function f :ω → ω by the rule
f (i) =max{ f0(i), . . . , f i(i)
}
and get
ΨP , f ⊆
⋃
n∈ω
ΨPn, fn ,
so we can apply (i). 
Let X be a G-space. A subset T ⊆ X is said to be thin if, for every ﬁnite subset F of G , there exists a ﬁnite subset K of X
such that
Ft ∩ Ft′ = ∅
for all distinct t, t′ ∈ T \ K .
Lemma 2. For a countable group G and a countable G-space X, the following statements hold:
(i) there exists an inﬁnite thin subset T of X ;
(ii) if T is an inﬁnite thin subset of X , p,q ∈ X∗ , T ∈ p, T ∈ q and p = q then pˇ = qˇ;
(iii) | Xˇ| = 2c .
Proof. (i) We put Fn = {g0, . . . , gn}, choose inductively a sequence (tn)n∈ω in X such that, for each n ∈ ω,
tn+1 /∈ F−1n+1Fn{t0, . . . , tn},
and put T = {tn: n ∈ ω}.
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Fnx∩ Fn y = ∅
for all distinct x, y ∈ T \ {x0, . . . , xh(n)}. Put Tn = T \ {x0, . . . , xh(n)}, t(0) = h(0) and deﬁne inductively a function t :ω → ω
such that, for each n ∈ ω, t(n) h(n) and
F−1n+1Fn{Tn \ Tn+1} ∩
(
Tn+1 \ {x0, . . . , xt(n+1)}
)= ∅.
Then, for any n,m ∈ ω and x ∈ T \ {x0, . . . , xt(n)}, y ∈ T \ {x0, . . . , xt(m)},
gnx = gm y ⇒ x = y.
We choose P ∈ p, Q ∈ q such that P ∩ Q = ∅ and P ⊆ T , Q ⊆ T . Then
ΨP ,t ∩ ΨQ ,t = ∅,
and, by Lemma 1(i), pˇ = qˇ.
(iii) follows from (i) and (ii). 
Remark 1. For an uncountable group G and an inﬁnite G-space X , Xˇ could be a singleton. The simplest example: X is a
countable set, G is a group of all permutations of X . In this case G∗p = G∗q for any p,q ∈ X∗ . A less trivial example [6,
Proposition 4]: G is an uncountable Abelian group, X = G and (g, x) → g + x.
Theorem 1. For a countable group G and a countable G-space X, the following statements hold:
(i) every countable discrete subset Z of Xˇ is C∗-embedded;
(ii) Xˇ is not homogeneous.
Proof. (i) Let Z = {pˇn: n ∈ ω}. Since Z is discrete, using Lemma 1(ii), we can choose {Pn ∈ pn: n ∈ ω} and { fn: n ∈ ω} such
that the subsets {ΨPn, fn : n ∈ ω} are pairwise disjoint. Let r, s be distinct ultraﬁlters on ω. We put
pr = r-lim pn, ps = s-lim pn,
and show that pˇr = pˇs . Let R, S be disjoint subsets of ω such that R ∈ r, S ∈ s. By Lemma 1(iii),
⋃
n∈R
ΨPn, fn ∈ ψpr ,
⋃
n∈S
ΨPn, fn ∈ ψps .
Since the subsets
⋃
n∈R ΨPn, fn and
⋃
n∈S ΨPn, fn are disjoint, we get pˇr = pˇs .
(ii) follows from (i) and [4, Theorem 3.4.1]. 
Let X be a topological space. Recall that a point p ∈ X is said to be a P-point if the intersection of any countable family
of neighbourhoods of p is also a neighbourhood of p. It is not hard to construct a P -point in ω∗ using some additional
to ZFC set-theoretical assumptions, say, Martin’s Axiom. On the other hand [12], there exist ZFC-models without P -points
in ω∗ .
A point p ∈ X is called a weak P-point if p /∈ clX Y for any countable subset Y ⊆ X \ {p}. In contrast to P -points, the weak
P -points in ω∗ do exist in ZFC (see [3,4]). To prove this statement, K. Kunen introduced the following delicate notion.
A point p ∈ X is called an OK-point if, for any countable family {Un: n ∈ ω} of neighbourhoods of p, there exists an
uncountable family F of neighbourhoods of p such that, for each n  1 and each subfamily F ′ ⊆ F of size |F ′| = n,⋂F ′ ⊆ Un . Every OK-point is a weak P -point and the OK-points in ω∗ exist in ZFC.
Theorem 2. Let G be a countable group, X be a countable G-space, p ∈ X∗ , T be a countable thin subset of X . Then the following
statements hold:
(i) if p is a P -point in X∗ then pˇ is a P -point in Xˇ ;
(ii) if p is an OK-point in X∗ and T ∈ p then pˇ is an OK-point in Xˇ ;
(iii) in ZFC, there exists a weak P-point in Xˇ .
Proof. (i) Let {pn: n ∈ ω} be a family of members of p, { fn: n ∈ ω} be a family of functions fn :ω → ω. Since p is a P -point
in X∗ , there exists Q ∈ p and a function h :ω → ω such that, for each n ∈ ω,
Q \ {x0, . . . , xh(n)} ⊆ Pn.
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f (i) = h(i) +max{ f0(i), . . . , f i(i)
}
,
and show that ΨˇQ , f ⊆ ΨˇPn, fn for each n ∈ ω.
By the deﬁnition of f , we have
⋃
in
gi
(
Q \ {x0, . . . , x f (i)}
)⊆
⋃
in
gi
(
Pn \ {x0, . . . , x fn(i)}
)
.
On the other hand, the set
⋃
0in
gi
(
Q \ {x0, . . . , x f (i)}
) ∖ ⋃
0in
gi
(
Pn \ {x0, . . . , x fn(i)}
)
is ﬁnite so Ψ Q , f ⊆ Ψ Pn, fn and ΨˇQ , f ⊆ ΨˇPn, fn .
(ii) Let {Pn: n ∈ ω, Pn ⊆ T } be a family of members of p, { fn: n ∈ ω} be a family of functions fn :ω → ω, so
{ΨˇPn, fn : n ∈ ω} is a family of basic neighbourhoods of pˇ in Xˇ .
By the deﬁnition of OK-point, there exists an uncountable family F of members of p such that, for any n  1, and
Q 1, . . . , Qn ∈ F ,
Q 1 ∩ · · · ∩ Qn ⊆ Pn.
We may suppose that Q ⊆ T for each Q ∈ F .
To show that pˇ is an OK-point, we deﬁne a function f :ω → ω such that, for any n 1 and Q 1, . . . , Qn ∈ F ,
ΨˇQ 1, f ∩ · · · ∩ ΨˇQn, f ⊆ ΨˇPn, fn .
Since T is thin, there exists an increasing function t :ω → ω (see proof of Lemma 2(ii)) such that, for any n,m ∈ ω and
x ∈ T \ {x0, . . . , xt(n)}, y ∈ T \ {x0, . . . , xt(m)},
gnx = gm y ⇒ x = y.
We deﬁne a function f :ω → ω by the rule
f (i) = t(i) +max{ f i(0), . . . , f i(i)
}
.
Fix n 1 and take Q 1, . . . , Qn ∈ F . The intersection ΨQ 1, f ∩ · · · ∩ ΨQn, f is equal to
⋃
i1,...,in
gi1
(
Q 1 \ {x0, . . . , x f (i1)}
)∩ · · · ∩ gin
(
Qn \ {x0, . . . , x f (in)}
)
.
Since f (i) t(i) for every i ∈ ω, we have
⋃
i1,...,in
gi1
(
Q 1 \ {x0, . . . , x f (i1)}
)∩ · · · ∩ gin
(
Qn \ {x0, . . . , x f (in)}
)⊆ gi1
(
(Q 1 ∩ · · · ∩ Qn) \ {x0, . . . , x f (i1)}
)
.
Hence,
ΨQ 1, f ∩ · · · ∩ ΨQn, f ⊆
⋃
i∈ω
gi
(
(Q 1 ∩ · · · ∩ Qn) \ {x0, . . . , x f (i)}
)
.
We choose k ∈ ω such that
(Q 1 ∩ · · · ∩ Qn) \ {x0, . . . , xk} ∈ Pn,
and put m = max{k,n}. Then
⋃
im
gi
(
(Q 1 ∩ · · · ∩ Qn) \ {x0, . . . , x f (i)}
)⊆
⋃
im
gi
(
Pn \ {x0, . . . , x fn(i)}
)
.
On the other hand,
⋃
i<m
gi
(
(Q 1 ∩ · · · ∩ Qn) \ {x0, . . . , x f (i)}
) ∖ ⋃
i<m
gi
(
Pn \ {x0, . . . , x fn(i)}
)
is ﬁnite. Hence,
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is ﬁnite and ΨˇQ 1, f ∩ · · · ∩ ΨˇQn, f ⊆ ΨˇPn, fn .
(iii) follows from (ii), Lemma 2(i) and [4, Corollary 4.3.2 and Theorem 4.3.3]. 
A ball structure is a triple B = (X, P , B), where X , P are non-empty sets and, for any x ∈ X and α ∈ P , B(x,α) is a subset
of X which is called a ball of radius α around x. It is supposed that x ∈ B(x,α) for all x ∈ X and α ∈ P . The set X is called
the support of B, P is called the set of radii. Given any x ∈ X , A ⊆ X , α ∈ P , we put
B∗(x,α) = {y ∈ X: x ∈ B(y,α)}, B(A,α) =
⋃
a∈A
B(a,α).
A ball structure B = (X, P , B) is called a ballean if
• for any α,β ∈ P , there exist α′, β ′ ∈ P such that, for every x ∈ X ,
B(x,α) ⊆ B∗(x,α′), B∗(x, β) ⊆ B(x, β ′);
• for any α,β ∈ P , there exists γ ∈ P such that, for every x ∈ X ,
B
(
B(x,α),β
)⊆ B(x, γ );
• for any x, y ∈ X , there exists α ∈ P such that y ∈ B(x,α).
Remark 2. It should be mentioned that a structure on a set X equivalent to a ballean (namely, a coarse structure) was
deﬁned in [11] in terms of the entourages of the diagonal of X × X . In the monograph literature, the balleans appeared
in [9] under name uniform ball structure (see also [10]).
Let B1 = (X1, P1, B1), B2 = (X2, P2, B2) be balleans. A mapping f : X1 → X2 is called a ≺-mapping if, for every α ∈ P1,
there exists β ∈ P2 such that, for every x ∈ X1,
f
(
B1(x,α)
)⊆ B2
(
f (x),β
)
.
A bijection f : X1 → X2 is called an asymorphism if f and f −1 are ≺-mappings.
Given a ballean B = (X, P , B) and a subset Y ⊆ X , we get a subballean BY = (Y , P , BY ), where BY (y,α) = B(Y ,α) ∩ Y .
A subset Y is called large if there exists α ∈ P such that B(Y ,α) = X .
The balleans B1 and B2 are called coarsely equivalent if there exist the large subsets X ′1 and X ′2 of X1 and X2 such that
the subballeans of B1 and B2 determined by X ′1 and X ′2 are asymorphic.
Given a metric space (X,d), we get a ballean B(X,d) = (X,R+, Bd), where Bd(x, r) = {y ∈ X: d(x, y)  r}. Given a G-
space X , we get a ballean B(X,d) = (X,FG , B), where FG is a family of all ﬁnite subsets of G containing the identity of G ,
and B(x, F ) = F x for all x ∈ X , F ∈ FG .
Let B = (X, P , B) be a ballean, α ∈ P . A subset S of X is called α-separated if B(x,α) ∩ B(y,α) = ∅ for all distinct
x, y ∈ S . An α-capacity of a subset Y is the cardinal
capα(Y ) = sup
{|S|: S is an α-separated subset of Y }.
We say that a ballean B = (X, P , B) has bounded geometry if there exist β ∈ P and a function h : P → ω such that
capβ B(x,α) h(α) for all x ∈ X , α ∈ P .
By [8, Theorem 2], every ballean B of bounded geometry is coarsely equivalent to a ballean B(G, X) of some G-space X .
Moreover, if B is a ballean of an unbounded metric space of bounded geometry, the proof of Theorem 2 in [8] gives B(G, X)
with a countable group G .
We ﬁx a ballean B = (X, P , B), endow X with the discrete topology and denote by X
 the set of all ultraﬁlters r on X
such that every R ∈ r is unbounded. A subset Y of X is bounded if Y ⊆ B(x,α) for some x ∈ X , α ∈ P . Clearly, X
 is a closed
subspace of βX . Given any r,q ∈ X
 , we say that r,q are parallel (and write r ‖ q) if there exists α ∈ P such that, for every
R ∈ r, we have B(R,α) ∈ q. By [5, Lemma 4.1], ‖ is an equivalence on X
 . Following [5,6], we denote by ∼ the minimal
by inclusion, closed in X
 × X
 equivalence on X
 such that ‖ ⊆ ∼, and say that a factor-space X
/∼ is a corona of B and
denote it by Bˇ. If the balleans B1 and B2 are coarsely equivalent then the spaces Bˇ1 and Bˇ2 are homeomorphic.
An unbounded metric space (X,d) is called proper if every closed ball in (X,d) is compact. In this case Bˇ(X,d) is
homeomorphic to the Higson corona ν(X,d) of (X,d) (see [1, Section 6], [11, Section 2.3] and [6, p. 154]). In contrast to the
ballean corona Bˇ(X,d), the Higson corona ν(X,d) is invariant under coarse equivalence only in the class of proper metric
spaces.
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able group and X be a G-space. By [10, Theorem 2.1.1], the ballean B(G, X) is metrizable by a proper metric. Thus, we get
an alternative proof of Theorem 1(i).
Theorem 3. The Higson corona of a proper metric space of bounded geometry contains a weak P-point and a P-point provided that
there exists a P -point in ω∗ .
Proof. Apply Theorem 2 and [8, Theorem 2]. 
We conclude the paper with three open questions.
Let G be a countable group, X be a countable G-space, p ∈ X∗ .
Question 1. Is pˇ a weak P-point in Xˇ provided that p is a weak P-point in X∗?
Question 2. Let p be an OK-point in X∗ . Does there exist a thin subset T ⊆ X such that T ∈ p? This is so if p is a P -point.
Question 3. Let pˇ be a P -point (OK-point, weak P-point) in Xˇ . Does there exist q ∈ pˇ such that q is a P -point (OK-point, weak P-point)
in X∗?
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